Abstract. This article deals with the application of the methods of geometric function theory to the investigation of the free boundary problem for the equation describing flows in an unbounded simply-connected plane domain. We prove the invariance of some geometric properties of a moving boundary.
The global behavior of solutions in dynamical models of mathematical physics with free boundaries is complicated, foremost due to the irregular behavior of the boundary. The properties of this free boundary which remain the same are of constant interest. In this paper we study a plane dynamical problem describing the two-dimensional flow of fluid in an unbounded simply-connected plane domain. The classical case of similar dynamics and different conditions is represented by the Hele-Shaw equation (see [1] , [3] [4] [5] ). In our paper the methods of geometric function theory are applied to the investigation of hereditary geometric properties of the free boundary which depend on those of the initial one (see also [2] ). Physically, this mathematical model describes the process when an infinite crystal with certain plane geometric properties is laved by the flow of an incompressible fluid. This problem relates to the Hele-Shaw model in case of injection with an obstacle. It can be reduced [2] , [3] to a non-linear boundary one for analytic functions. Let z = f (ζ, t) for any fixed t ≥ 0 be an analytic univalent mapping of the upper halfplane H := {ζ : m ζ > 0} to an unbounded domain of an incompressible fluid flow in the physical plane (z) that being extended onto the real axis satisfies the Hele-Shaw type equation
with the series expansion in the neighbourhood of infinity f (ζ,
The moving boundary of the flow domain in the mathematical model considered, D(t), can be parametrized by the curve f (∂H, t). In (1) we assume that the power of the flow β is constant. Otherwise, it can be reduced to the constant KONSTANTIN KORNEV AND ALEXANDER VASIL'EV one by change of variables. We pose the initial condition
generated by an initial flow domain with boundary D(0). It is known [5] that solutions of (1) exist locally in time.
A reduction based on the Cauchy integral representation of (1) can be written as
Here f (x, t) = ∂f /∂ζ at the point x.
We now define the geometric properties of D(0) natural for the problem in question. A simply-connected domain D of hyperbolic type on the extended complex plane C is said to be convex in the positive direction of the real axis R + if its complement can be covered by the family of non-intersecting rays that are parallel and codirected with R + . A holomorphic univalent mapping f (ζ), ζ ∈ H, is said to be convex in the positive direction if f (H) is as above. The criterion of this property is provided by the inequality Proof. We assume the contrary. Suppose that there exist t 0 ≥ 0 and ζ 0 ∈ R such that m f (ζ 0 , t 0 ) = 0, (5) where f (ζ, t) = ∂f (ζ, t)/∂ζ. This means that the mapping f (ζ, t 0 ) is critical for the property of convexity in the positive direction. Let t 0 be the minimal such quantity. Without loss of generality we suppose that f (ζ 0 , t 0 ) > 0.
First we show that f (ζ 0 , t 0 ) = 0. If not, then the point ζ 0 is the branch point of the function f (ζ, t 0 ) and in a neighbourhood of this point in H the quantity arg f (ζ, t 0 ) admits either positive or negative values. This contradicts the assumption that the function f (ζ, t 0 ) is convex in the positive direction.
Since ζ 0 is the critical point in which the equality sign in (4) is realized, the image of the upper half-plane H under the mapping f (ζ, t 0 ) touches the real axis at the point f (ζ 0 , t 0 ). Thus, the following statements are true:
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